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Abstract

This paper presents a novel geometric theorem demonstrating that the angle formed
by two tangents intersecting outside a circle is always supplementary to the closest
intercepted arc between their points of tangency. This discovery introduces a direct
and efficient method for determining arc measures, offering significant improvements
over traditional multi-step approaches. By leveraging fundamental properties unique
to circles—namely, that tangents are perpendicular to radii at points of tangency and
that central angles equal their intercepted arcs—we derive a streamlined two-step
process for calculating arc measures from external angles. This contrasts with older
methods requiring multiple arc calculations and geometric constructions, which
are more time-consuming and error-prone. Our theorem enhances clarity and
accuracy in geometric problem-solving and is supported by a visual model showing
a consistent inverse linear relationship between the external angle and the intercepted
arc. Furthermore, the theorem’s reliance on circular symmetry explains why it does not
generalize to other conic sections such as ellipses, parabolas, or hyperbolas.
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1 Introduction

We present an original geometric theorem establishing that if two tangents of a circle intersect at
a point outside the circle, the angle formed by this intersection is supplementary to the closest
intercepted arc between the two points of tangency. This relationship is important because it illustrates
a basic idea in circle geometry: there is a direct linear relationship between the angle and the
intercepted arc. A line with a slope of —1 graphically represents the consistent inverse relationship
between the angle and the arc, as revealed by theoretical investigation of the geometric properties of
tangents and arcs.

2 Our Approach

The focus of this investigation was on the geometric interactions between the four main types of
conic sections—parabolas, circles, ellipses, and hyperbolas—which are formed by the intersection of a
plane with a cone or two cones (Figure 2); however, only a relationship involving circles was found.
While angles formed outside a circle were once thought to have no significant relationship with the
arcs they intercept, examining the angle created by two intersecting tangents reveals a fascinating
supplementary relationship with the intercepted arc.
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Figure 1
Specific examples illustrating the supplementary relationship: In each case, the external angle plus the
intercepted arc equals 180°.
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Case 1: 30° + 150° = 180° Case 2: 60° + 120° = 180° Case 3: 90° + 90° = 180°

Figure 2
Four primary conic sections—parabolas, circles, ellipses, and hyperbolas—are formed by the intersection
of a plane with a cone or two cones.
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Note: Conic sections are curves obtained by slicing a cone at different angles and positions (CK-12
Foundation, n.d.).

3 What Others Have Discovered

This paper explores a geometric relationship between two tangents of a circle that meet at a point
outside the circle. We present a theorem stating that the angle formed by the intersection of the
tangents is supplementary to the nearest intercepted arc between the points of tangency. This finding
builds on prior work, including Theorem 9-10 from Geometry by Ray C. Jurgensen, which states that
the measure of an angle formed by two secants, two tangents, or a secant and a tangent drawn from
a point outside a circle is equal to half the difference of the intercepted arcs (Jurgensen & Jurgensen,
2000).

Additionally, works such as Euclidean Geometry by Roger A. Johnson have explored the properties
of tangents and secants in circle theorems, focusing on the relationships between arcs and angles
(Johnson, 2013). Johnson’s studies on cyclic quadrilaterals and angle bisectors provided a foundation
for understanding complex interactions within circles. Another notable contribution is Geometry
Revisited by Coxeter and Greitzer, which delves into advanced circle properties and introduces the
concept of the angle subtended by arcs (Coxeter & Greitzer, 2008). This body of research provides
important context for our supplementary theorem, extending known relationships to a more specific
geometric case.

While Theorem 9-10 examines the relationship between angles and arcs by using the difference in
their measures, our work introduces a supplementary relationship, offering a new perspective on
how angles and arcs relate. This result, derived through an analysis of circle properties, enhances
the understanding of how external angles formed by tangents and intercepted arcs are connected.
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The challenge in developing this theorem is precisely characterizing the relationship between the
external angle and the corresponding intercepted arc. Previous research, such as Jurgensen’s Theorem
9-10, has addressed various angle-arc relationships, but this supplementary correlation highlights a
new dynamic where the sum of the angle and arc consistently equals 180°.

4 Key Findings

It is natural to ask whether this supplementary angle-arc relationship—namely, that the angle formed
by two tangents intersecting outside a circle is supplementary to the arc intercepted between the points
of tangency—can be generalized to other conic sections such as ellipses, parabolas, or hyperbolas. Does
this property extend beyond circles to the broader family of conics?

The primary result of this study is proof of this supplementary relationship, which holds true for any
circle. This relationship can be visualized through a simple linear model, providing new insight into
the interaction between tangents and arcs.

Figure 3
The graph shows a perfect linear relationship between the angle and the intercepted arc, as expected.
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Note: Slope: The line has a slope of —1, which is represented by the diagonal line from the top-left to the
bottom-right of the graph. This negative slope indicates an inverse relationship between the angle and
the arc. X-axis: Represents the measure of the angle formed by the tangents, ranging from 0° to 180°.
Y-axis: Represents the measure of the intercepted arc, also ranging from 0° to 180°. Midpoint: The point
(90°, 90°) is highlighted on the graph with a red dot. This point represents the situation where both the
angle and the arc are 90°.

This study contributes a fresh perspective on the behavior of tangents and circles, suggesting potential
applications and areas for further exploration within geometric theory.

Our theorem presents a more efficient method for determining the measure of the closest intercepted
arc formed by two tangents intersecting at a point outside a circle. Existing methods typically
involve calculating the measures of multiple arcs and applying complex formulas, which can be
time-consuming and prone to error. For example, solving it using the traditional method might take
up to two minutes (Dwyer, 2019; The Algebros, 2020). In contrast, our new approach completes it in
just seconds. Our theorem establishes a direct supplementary relationship between the external angle
and the closest intercepted arc, allowing the arc’s measure to be found quickly and accurately. This
simplifies the process, making it both time-effective and less reliant on intricate steps, which can be
particularly helpful when solving geometric problems involving tangents and circles.
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4.1 Comparing Methods

Given: The angle formed by two tangents intersecting at an exterior point.

Prove: The measure of the closest intercepted arc.

Existing Method (5 steps):
1. Identify the two points of tangency between the tangents and the circle.
2. Calculate the measures of both intercepted arcs using known properties of secants and tangents.

3. Apply Theorem 9-10, which states that the measure of the angle formed by two tangents from
an external point is half the difference of the measures of the intercepted arcs.

4. Determine the measure of the larger intercepted arc, then subtract it from the total arc (360°) to
find the closest arc.

5. Use the angle’s value to verify the measure of the closest intercepted arc.

Our Method (2 steps):

1. Apply the new theorem: The sum of the angle and the measure of the closest intercepted arc is
180°.

2. Subtract the given angle from 180° to find the measure of the closest intercepted arc.

This new method significantly reduces the time required to solve Euclidean geometry problems
involving tangents and arcs. By leveraging the supplementary relationship between the angle formed
by two tangents and the closest intercepted arc, we eliminate unnecessary intermediate steps, resulting
in a straightforward two-step process.

Our theorem addresses the modern need for efficient problem-solving methods in geometry.
By focusing on a direct relationship between angles and arcs, it offers a streamlined solution,
improving upon existing theorems that require more detailed calculations. This not only accelerates
problem-solving but also enhances clarity, particularly in cases involving unit circles and external
tangent intersections.

5 The Proof

Theorem: The angle formed at the intersection point between two tangents (£ APB) is supplementary

to the closest intercepted arc (AB).

Figure 4
Circle C with two tangents, AP and BP, with points of tangency at points A and B and an outer point P.
C
P
B

Given in the diagram is a circle with center C, with tangent segments AP and BP that touch the circle
at points A and B, respectively. By the definition of a tangent, these lines touch the circle at exactly
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one point each. Constructing radii CA and CB produces right angles at A and B, since a radius drawn
to a point of tangency must create a right angle. That is, ZCAP L CA and £CBP 1 CB. By the
theorem stating that tangents to a circle are perpendicular to the radii drawn to their points of tangency,
£CAP = 90° and £CBP = 90°.

Since all right angles are equal to 90°, we can use the Quadrilateral Angle Sum Theorem, which states
that the sum of the interior angles of a quadrilateral is 360°, giving us £ACB+4CAP+4CBP+£APB =
360°. Substituting £CAP = 90° and £CBP = 90°, we find that 90° + 90° = 180°, so £ACB + £APB =
180°. Since two angles whose sum is 180° are supplementary, we conclude that ZACB and £APB are
supplementary. By the Central Angle Theorem, the measure of a central angle E exactly equal to the

measure of the arc it intercepts in a circle, so ZACB = mAB. Since 2APB and AB are supplementary,
by the Substitution Property of Equality, we confirm that £ APB and AB together sum to 180°.

Figure 5
Final annotated diagram.

6 Making Sense of It All

Our theorem significantly streamlines the process of proving that the angle formed by two tangents
intersecting outside a circle is supplementary to the closest intercepted arc. Traditional methods
require multiple steps, including identifying tangent properties, establishing right angles, applying kite
properties, and performing various calculations to determine the arc measure. For example, proving
that £APB is supplementary to AB using conventional methods involves defining congruent radii,
using the properties of kites, and summing interior angles before arriving at the final supplementary
relationship. This process increases the likelihood of errors and makes calculations lengthy, especially
in academic and practical applications requiring quick solutions.

In contrast, our theorem provides a direct and efficient solution. By establishing that the exterior
angle formed by two tangents is always supplementary to the closest intercepted arc, it eliminates
unnecessary steps and simplifies the proof to just one key relationship. Instead of calculating multiple
angle measures and verifying supplementary relationships through multi-step computations, users can

apply our theorem directly to conclude that AB and £ APB are supplementary. This approach not only
saves time but also enhances clarity, making geometric problem-solving more intuitive and accessible
in fields such as education.

Circles possess two key characteristics that make this relationship possible: (1) all tangents to a circle
are perpendicular to the radius at the point of tangency, and (2) the measure of a central angle is equal
to the measure of the arc it intercepts. These conditions allow for a clean geometric derivation using
angle sums and arc measures. Other conics lack this uniform curvature and symmetry.

For instance, while ellipses do allow for tangents and arcs, the concept of an intercepted arc is less
uniform, and angles formed by intersecting tangents do not bear a predictable relationship to elliptical
arcs. Parabolas and hyperbolas further complicate the matter. Parabolas, being open curves, do
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not form enclosed arcs, and while hyperbolas have tangents and branches, they also lack a central
angle-arc equivalence. As such, no simple supplementary relationship exists in these cases.

Therefore, this theorem, that the angle between intersecting tangents is supplementary to the nearest
intercepted arc, holds only for circles. Its reliance on circular symmetry highlights a special harmony
in Euclidean geometry, one that does not naturally extend to the broader family of conic sections.

The primary result of this research is the new theorem, which states that the angle formed by two
tangents is supplementary to the closest intercepted arc. The formula derived from the theorem, Arc
= 180° — 2T, reduces the steps required to solve tangent-related problems from five steps, as outlined
in Jurgensen’s Theorem 9-10, to two steps.

The derived formula Arc = 180° — 4T exemplifies the efficiency of this new theorem. By simply
subtracting the angle formed by the tangents from 180°, one can swiftly determine the measure of the
intercepted arc. For instance, when two tangents create a 70° angle at an external point, applying our
theorem allows for an immediate calculation of the intercepted arc as 110°. This result demonstrates
the efficiency and simplicity of our theorem, as opposed to traditional methods that require calculating
multiple arcs and applying difference-based formulas.

Our new theorem offers an important advancement in the field of Euclidean geometry by simplifying
the process of calculating the closest intercepted arc. This is especially beneficial for solving geometric
problems involving tangents and circles, where speed and accuracy are crucial, whether it is on a high
school test or constructing blueprints for a new bridge.

7 Classroom Applications and Inquiry-Based Discovery

This theorem provides rich opportunities for student exploration and discovery in geometry
classrooms. Rather than presenting the theorem directly, teachers can guide students through an
inquiry-based approach that mirrors the investigative process used in this research.

7.1 Guided Discovery Activities

Teachers can engage students in discovering the supplementary relationship through structured
exploration. Begin by having students construct circles and draw pairs of tangent lines from various
external points using dynamic geometry software such as GeoGebra or Desmos Geometry. Students
should measure both the angle formed at the external point and the intercepted arc, recording their
findings in a table. As students experiment with different configurations—moving the external point
closer to or farther from the circle, or adjusting the positions of the tangent lines—they will observe
that the sum of the angle and the intercepted arc consistently equals 180°. This pattern recognition
forms the foundation for conjecturing the theorem.

7.2 Physical Models and Manipulatives

For students who benefit from tactile learning experiences, physical models can reinforce the
relationship. Students can use string and circular objects to create tangent lines, measuring angles
with protractors and arcs with flexible measuring tape or string. Alternatively, students can work with
printed circle templates and straightedges to construct multiple examples, verifying the supplementary
relationship through measurement. These hands-on activities help students develop geometric
intuition before formalizing their understanding.

7.3 Building from Specific to General

The concrete examples shown in Figure 1 serve as excellent starting points for classroom investigation.
Teachers can assign students to verify these specific cases (30°/150°, 60°/120°, and 90°/90°) before
challenging them to test additional angle measures. Once students have verified numerous examples,
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guide them to articulate the general pattern: "The angle and the arc always add to 180°” This inductive
approach—moving from specific instances to general conclusions—mirrors authentic mathematical
practice and deepens conceptual understanding.

7.4 Integration into Existing Curricula

This theorem naturally extends standard circle geometry units, fitting seamlessly after students have
learned about tangent lines, central angles, and arc measures. A typical two-day lesson sequence might
include: (1) Day 1—Students explore the relationship using technology or physical models, recording
data and forming conjectures; (2) Day 2—Students develop informal justifications for their conjectures,
followed by a teacher-led formal proof. This approach transforms the theorem from a fact to be
memorized into a relationship that students have genuinely discovered and understood, enhancing
both retention and appreciation for geometric reasoning.

8 Final Thoughts

This research introduces a new supplementary theorem in Euclidean geometry that simplifies the
relationship between tangents and intercepted arcs. The theorem states that the angle formed by
two tangents intersecting outside a circle is supplementary to the closest intercepted arc between their
points of tangency. This direct relationship streamlines the calculation process, reducing a multi-step
method to just two steps.

Existing methods for determining the measure of the closest intercepted arc require multiple
calculations involving arc measures and complex formulas, which can be time-consuming and prone
to error. Our theorem establishes a straightforward supplementary relationship between the external
angle and the closest intercepted arc, allowing for a quicker and more accurate calculation. This
improvement not only reduces mistakes but also enhances clarity, making it especially useful for
students and geometry practitioners.

By focusing on the direct relationship between angles and arcs, our approach eliminates unnecessary
intermediate steps. Traditional methods involve identifying points of tangency, computing multiple
arc measures, applying the difference formula, and verifying calculations. In contrast, our theorem
allows users to apply a simple two-step process, significantly improving efficiency in solving geometric
problems.

Moreover, the implications of this theorem extend beyond mere calculation. The visual model
supporting our theorem reinforces the intuitive understanding of the relationship between angles and
arcs, illustrating a consistent inverse relationship. This model can serve as a valuable educational tool,
helping students and practitioners alike grasp fundamental concepts in geometry more effectively.

Our theorem addresses the limitations of existing methodologies proposed by Jurgensen, Johnson,
and Coxeter by significantly improving efficiency and clarity in solving geometric problems.
While previous approaches require intricate calculations involving multiple arc differences, our
supplementary relationship simplifies the process, making it especially beneficial in academic settings
where quick, accurate calculations are essential.

9 Next Steps

While our research successfully establishes and proves this supplementary relationship for circles,
several limitations suggest directions for future work. Our investigation focused specifically on circles
within the broader family of conic sections, and our testing, though conducted across many different
problems, could be extended to a broader range of scenarios to further validate the theorem’s reliability.
Despite careful calculations, we acknowledge the possibility of computational error and recognize that
we focused primarily on high school-level applications. These limitations open avenues for deeper
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exploration.

The potential applications of our theorem extend beyond mathematics into fields such as engineering,
design, and physics, where precise geometric calculations are crucial. In engineering design, for
instance, where tangential relationships frequently arise, our streamlined approach could enhance
productivity and accuracy in constructing geometric models. Future research could also explore
whether similar supplementary relationships exist in other geometric configurations, such as secants
and tangents to non-circular curves, potentially leading to new theorems that simplify calculations in
broader contexts.

Research by Salmon (2005) provides a foundation for examining these properties, which could be
applied in fields such as astronomy, engineering, and physics. Educational research may also integrate
this theorem into curricula to enhance student comprehension of geometric concepts. Finally,
extending the theorem into non-Euclidean geometries, such as spherical or hyperbolic spaces, could
offer new insights into geometric relationships. Ultimately, this research not only introduces a valuable
theorem but also paves the way for deeper exploration and innovation in both theoretical and applied
geometry.
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