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Abstract
This article describes a classroom teaching experience that transforms a routine middle
school textbook problem about a bouncing ball into an extended mathematical inquiry.
Through systematic variation of the problem’s parameters—initial height, rebound ratio,
and number of bounces—students are guided to notice patterns, formulate conjectures,
and pose new questions. The progression leads naturally from finite distance calculations
to infinite geometric series and repeating decimals. A concrete bread-sharing metaphor is
introduced to make infinite sums tangible, enabling students to grasp ∑∞

𝑛=1(1/3)𝑛 = 1/2
and the equality 0.999… = 1without formal algebra. Student responses reveal moments of
surprise and genuine conceptual insight. The approach illustrates how careful sequencing
of examples, meaningful metaphors, and an emphasis on student-generated questions can
transform a single textbook exercise into a rich learning experience. The teacher’s role as
a designer of mathematical inquiries is highlighted throughout.

Keywords: Problem posing, infinite processes, geometric series, middle school
mathematics, conceptual understanding, mathematical metaphor, teacher as designer

1 Introduction: The Art of Problem Posing

At the heart of effective mathematics teaching lies a subtle yet powerful skill: the ability to craft
questions that provoke thought, curiosity, and exploration. Amasterful teacher does more than convey
facts; they place students in the rich terrain of inquiry, carefully guiding them through sequences of
questions that illuminate underlying structures and reveal profound mathematical ideas (Pólya, 1945;
Mason & Johnston-Wilder, 2006).

This paper explores such an educational journey, beginning with a single seventh-grade textbook
problem and extending it through carefully designed variations and concrete metaphors. By posing
questions that progressively challenge and engage, the teacher transforms a simple exercise into a
fertile landscape for discovery, enabling students not merely to compute answers, but to reason,
conjecture, and uncover patterns on their own.

In this way, problem posing becomes an art: a deliberate, thoughtful process that empowers students
to experience mathematics as an interconnected and dynamic exploration rather than a collection of
disconnected facts. This article is situated within the tradition of mathematical problem posing (Brown
&Walter, 2005; Silver, 1994) and seeks to document how a routine textbook exercise can be transformed
into a rich context for mathematical inquiry.

Nature and Scope of the Study

This article is intentionally written as a reflective pedagogical case study. Its purpose is not to
provide statistical generalization or experimental comparison, but to document and analyze a carefully

74 Ohio Journal of School Mathematics, Volume 103, Number 1, Summer 2026



Problem Posing

designed classroom experience that may be informative and transferable for mathematics educators.
The emphasis is placed on instructional design, sequencing of examples, and the role of metaphor in
supporting conceptual understanding (Brown & Walter, 2005; Mason & Johnston-Wilder, 2006; Silver,
1994).

2 Classroom Context and Implementation

The classroom activity reported in this study was conducted with seventh-grade students at Shahed
Junior High School of the Late MohammadAli Khakpour Riabi in Gonabad, Iran. The author teaches
four seventh-grade classes, each with approximately 30 students, totaling 120 participants. Instruction
takes place in three 90-minute sessions per week, and the complete teaching sequence described in this
article was implemented over two sessions per class.

The starting point was a problem directly taken from the official Iranian seventh-grade mathematics
textbook (Iranian Ministry of Education, 2023). The author, as the classroom teacher, began with this
textbook problem as a familiar and authorized starting point, ensuring alignment with the national
curriculum and the Ministry of Education guidelines. Subsequently, the problem was extended
through carefully designed variations, multiple examples, and tangible metaphors to illustrate abstract
mathematical concepts such as infinite geometric series and repeating decimals. All extensions
were pedagogically motivated, aimed at fostering conceptual understanding, pattern recognition, and
problem-posing skills, without introducing any content contrary to the official educational objectives.
Students engaged in exploratory learning under the teacher’s guidance. All activities remained
appropriate for their grade level while promoting higher-order thinking and conceptual insight.

Classroom observations, students’ verbal responses, and written work were used as qualitative
evidence to illuminate moments of conceptual change (Skemp, 1976). These data are presented
illustratively rather than exhaustively, in keeping with the narrative and reflective nature of a
pedagogical case study.

3 The Original Problem: A Starting Point

In the seventh-grade mathematics textbook of Iran’s middle school, the following problem appears:

A ball is dropped from a height of 18 meters above the ground. After each impact with the
ground, the ball rebounds to one-third of its previous height. What is the total distance traveled
by the ball from the moment it is released until the moment it strikes the ground for the third
time?

4 From Problem Solving to Problem Posing

Before students can pose new problems with intention and insight, they benefit from first learning to
solve a given one—not as an end, but as a foundation. We begin by adapting Pólya’s (1945) classic
four-step framework to the textbook problem. This familiar structure offers a secure springboard from
which students can later venture into systematic variation and problem posing.

4.1 Step 1: Understanding the Problem

Students must recognize: initial height = 18 m, rebound ratio = 1
3 , we need distance until the third

impact.
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4.2 Step 2: Devising a Plan

The path consists of: one initial drop + (up + down) for each bounce. For the third impact, the motion
consists of one initial drop and two complete up–down cycles.

4.3 Step 3: Carrying Out the Plan

To solve the problem, the motion of the ball is analyzed step by step:

• The initial fall from a height of 18 meters.
• The first rebound reaches a height of 6 = 18 × 1

3 meters.

• The second rebound reaches a height of 2 = 6 × 1
3 meters.

The total distance traveled by the ball consists of one downward motion and two upward–downward
motions. Therefore, the total distance is:

18 + 2(6 + 2) = 34 meters.

4.3.1 Dynamic Modeling with GeoGebra

To deepen students’ understanding of the repetitive structure of the ball’smotion, a dynamic simulation
is constructed using GeoGebra. The simulation visualizes the ball’s path as a sequence of parabolic arcs
with geometrically decreasing peak heights.

Figure 1
GeoGebra simulation of the bouncing ball

Note: Each parabolic arc represents one bounce, and the heights of the arcs decrease geometrically. The
interactive version of this applet is available at https://www.geogebra.org/m/yky57kqm.

The dynamic environment is highly engaging for students, allowing them to see the conditions of the
problem unfold as a live performance. They observe the motion directly and explicitly, experiencing
the problem as a vivid, concrete phenomenon rather than an abstract calculation.
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Suggested prompts for using the GeoGebra simulation:

• “Predict the height of the next bounce before playing the animation forward.”
• “What pattern do you notice in the heights? Can you express this pattern in words?”
• “Pause the simulation at any bounce. How could you calculate the height mathematically?”
• “What happens if we change the rebound ratio? Try different values and observe.”
• “Can you use the simulation to verify your calculated distance for three bounces?”

Teachers can use the simulation as a bridge between concrete observation and abstract calculation,
allowing students to test conjectures and build confidence before formal algebraic work.

4.4 Step 4: Looking Back

After solving, the teacher asks: ”What if we change something?” This single question marks the
transition from problem solving to problem posing. The journey of mathematics begins not with an
answer, but with a question.

5 Playing with the Problem: Systematic Variation

After complete analysis of the original problem, the teacher systematically changes its parameters.
This ”playful” approach prepares students’ minds for deeper challenges.

5.1 Varying the Initial Height

Example Set 1: Keeping rebound ratio = 1
3 , third impact

1. Height = 18 m → 34 m

2. Height = 9 m → 17 m

3. Height = 27 m → 51 m

4. Height = 36 m → 68 m

5. Height = 45 m → 85 m

6. Height = 81 m → 153 m

Discovery: After several conjectures and revisions, students arrive at the correct expression:

𝑆 = 𝐻 + 2 ⋅ 𝐻
3
+ 2 ⋅ 𝐻

9
= 17

9
𝐻 .

5.2 Varying the Rebound Ratio

Example Set 2: Keeping initial height = 18 m, third impact

1. Rebound 1
2 → 18 + 2 × 9 + 2 × 412 = 45

2. Rebound 1
3 → 18 + 2 × 6 + 2 × 2 = 34

3. Rebound 1
4 → 18 + 2 × 412 + 2 × 118 = 2914

4. Rebound 1
5 → 18 + 2 × 335 + 2 × 18

25 = 261625
5. Rebound 2

3 → 18 + 2 × 12 + 2 × 8 = 58

6. Rebound 3
4 → 18 + 2 × 1312 + 2 × 1018 = 6514

Discovery: Students observe how the rebound ratio dramatically affects total distance.
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5.3 Varying the Number of Impacts

Example Set 3: Keeping initial height = 18 m, rebound = 1
3

1. Until 1st impact: 18

2. Until 2nd impact: 18 + 12 = 30

3. Until 3rd impact: 18 + 12 + 4 = 34

4. Until 4th impact: 18 + 12 + 4 + 4
3 = 3513

5. Until 5th impact: 3513 +
4
9 = 3579

6. Until 6th impact: 3579 +
4
27 = 352527

Discovery: The additional distances become very small. Students predict: even with infinite bounces,
the total will not exceed 36 m!

6 The Infinite Question: If No Obstacle Exists

The teacher now poses the challenge: ”If there is no obstacle, the ball will bounce infinitely many
times. How many times will it go up and down? What will be the total distance of all this infinite
motion?”

The total distance becomes:

𝑆 = 𝐻 + 2𝐻 (1
3
) + 2𝐻 (1

3
)
2
+ ⋯ ⟹ 𝑆 = 𝐻 + 2𝐻

∞
∑
𝑛=1

(1
3
)
𝑛

The Problem: Seventh-grade students do not know the formula for the sum of infinite geometric

series. How can they understand that
∞
∑
𝑛=1

(1
3
)
𝑛
= 1

2
?

Research has shown that middle school students often struggle with the concept of infinity, tending
to view it as an unending process rather than a completed totality (Monaghan, 2001; Tall, 1992). The
bread metaphor was designed to address this cognitive challenge.

7 The Bread Metaphor: Making the Infinite Tangible

The teacher introduces the following metaphor, which can be understood as an instance of what Lakoff
and Núñez (2000) term a conceptual metaphor : the structure of sharing a loaf provides tangible access
to the abstract structure of an infinite geometric series.

7.1 The Story of Sharing Bread

”Imagine a loaf of bread. We share it equally between two people using a special method:

• Stage 1: Cut the bread into 3 equal parts. Give one part to each person (each gets one-third).
One part (13 ) remains.

• Stage 2: Cut the remaining piece into 3 equal parts. Give one part to each person (each gets an
additional 1

9 ). One part (19 ) remains.
• Stage 3: Cut the remaining piece into 3 equal parts. Give one part to each person (each gets an
additional 1

27 ). One part ( 127 ) remains.
• Continue this process infinitely.
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What is each person’s total share?”

Students calculate:
Person’s share = 1

3
+ 1
9
+ 1
27

+ 1
81

+ ⋯

The teacher asks: ”If we continue forever, will any bread remain?” Students: ”No, the remaining
piece gets smaller and smaller and approaches zero.” ”So the whole bread is eventually shared equally
between two people. What is each person’s share?” Students: ”Half of the bread!” Therefore:

1
3
+ 1
9
+ 1
27

+ 1
81

+ ⋯ = 1
2

Connection: This is exactly
∞
∑
𝑛=1

(1
3
)
𝑛
= 1

2
!

7.2 Generalizing the Bread Metaphor for Different Rebound Ratios

The bread-sharing metaphor we used for the rebound ratio 1
3 was as follows: A loaf of bread is shared

between two people. At each stage, the remaining bread is divided into 3 equal parts; two parts are
given to the two people (one part each), and one part remains for subsequent stages.

Now we extend this metaphor to other ratios. The key insight is that the number of people sharing
the bread must be one less than the denominator of the fraction.

7.2.1 Rebound Ratio 1/2 and the Geometric Series

”Suppose we have one person and one whole loaf of bread. We want to give this bread to that one
person, stage by stage:

• Stage 1: Divide the bread into 2 equal parts. Give one part to the person. 1
2 of the bread is given,

1
2 remains.

• Stage 2: Divide the remaining bread into 2 equal parts again. Give one part to the person. 1
4 of

the original bread is given, 14 remains.

• Stage 3: Divide the remaining bread into 2 equal parts. Give one part to the person. 1
8 of the

original bread is given, 18 remains.
• Continue this process infinitely.

How much bread does this person receive in total?

1
2
+ 1
4
+ 1
8
+ 1
16

+ ⋯

Does the entire loaf eventually reach the person? Yes, because the remainder at each stage is halved
and approaches zero. Therefore, the sum of this person’s share equals one whole loaf:

∞
∑
𝑛=1

(1
2
)
𝑛
= 1

7.2.2 Rebound Ratio 1/4 and the Geometric Series

”Suppose we have three people and one whole loaf of bread. We want to share this bread equally
among these three people, stage by stage:
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• Stage 1: Divide the bread into 4 equal parts. Give three parts to the three people (one part each).
3
4 of the bread is given, 14 remains.

• Stage 2: Divide the remaining bread into 4 equal parts again. Give three parts to the three people
(one part each). 3

16 of the original bread is given, 1
16 remains.

• Stage 3: Divide the remaining bread into 4 equal parts. Give three parts to the three people (one
part each). 3

64 of the original bread is given, 1
64 remains.

• Continue this process infinitely.

What is each person’s share?
1
4
+ 1
16

+ 1
64

+ 1
256

+ ⋯

Is the entire bread eventually distributed among these three people? Yes, because the remainder at
each stage approaches zero. Therefore, the sum of the three people’s shares equals one whole loaf. So
each person’s share is one-third of the loaf:

∞
∑
𝑛=1

(1
4
)
𝑛
= 1

3

7.2.3 Rebound Ratio 1/5 and the Geometric Series

”Suppose we have four people and one whole loaf of bread. At each stage, we divide the remaining
bread into 5 equal parts; we give four parts to the four people (one part each), and one part remains
for subsequent stages.

• Stage 1: 4
5 of the bread is given, 15 remains.

• Stage 2: 4
25 of the bread is given, 1

25 remains.

• Stage 3: 4
125 of the bread is given, 1

125 remains.
• And so on, infinitely.

Each person’s share:
1
5
+ 1
25

+ 1
125

+ 1
625

+ ⋯

Since the entire bread is distributed among four people, each person receives one-quarter of the loaf:

∞
∑
𝑛=1

(1
5
)
𝑛
= 1

4

7.2.4 The General Pattern

After working through 1
2 ,

1
3 ,

1
4 ,

1
5 , a student suddenly raised her hand:

Student: ”Wait, for 1
2 we need 1 person and get 1. For 1

3 we need 2 people and get 1
2 . For

1
4 we need 3

people and get 1
3 .”

Teacher: ”What do you notice?”

Student: ”It’s always one less! The denominator minus one.”

Teacher: ”Can you write that as a conjecture?”

Student:
∞
∑
𝑛=1

( 1
𝑚
)
𝑛
= 1

𝑚 − 1

The class erupted in applause. The pattern had been discovered, not delivered.
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7.3 Assessment of Understanding

To assess whether students had genuinely grasped the conceptual model rather thanmerelymemorized
a formula, they were asked to explain the sum ∑∞

𝑛=1(1/6)𝑛 using the bread metaphor. The majority
successfully described a scenario with five people sharing a loaf, dividing the remainder into six equal
parts at each stage, and concluded that each person receives 1/5 of the loaf. This transfer of the
conceptual framework to a new case demonstrated deep understanding.

8 From Infinite Series to Repeating Decimals

The teacher now connects to decimal representations:

8.1 Example Set 5: Repeating Decimals

1. 0.1111… = 0.1 + 0.01 + 0.001 + ⋯ =
∞
∑
𝑛=1

( 1
10

)
𝑛
= 1

9

2. 0.2222… = 2 × 0.1111… = 2
9

3. 0.3333… = 3
9

4. 0.4444… = 4
9

5. 0.5555… = 5
9

6. 0.6666… = 6
9 = 2

3

7. 0.7777… = 7
9

8. 0.8888… = 8
9

9. 0.9999… = 9
9 = 1

8.2 The Moment of Wonder

When students encounter 0.9999… = 1, a moment of wonder inevitably arises. The equality feels both
plausible and puzzling. Is it really equal to one, or merely very, very close? The teacher does not
offer an immediate answer. Instead, a question is planted: ”Think about the bouncing ball. Does its
total distance ever reach 36 meters? What might this suggest about 0.9999…?” The question lingers.
Students are invited to sit with the discomfort, to make their own connections, and to return to the
bread metaphor. The seed of inquiry has been planted; the answer, when it comes, will be theirs.

9 Further Extensions: Student-Generated Examples

The most powerful moment comes when students begin creating their own examples:

9.1 Example Set 6: Student-Generated Explorations

1. ”What about 0.121212…?” This leads to 12
99 = 4

33

2. ”What about 0.123123123…?” This leads to 123
999 = 41

333

3. ”What if the ball rebounds to 2
5 of its height?” Total distance = 𝐻 + 2𝐻 × 2/5

3/5 = 𝐻 + 2𝐻 × 2
3 = 7

3𝐻

4. ”What if we want the distance until the 10th bounce?” Students realize they can use the pattern
without calculating each term.

5. ”What about 0.454545…?” This leads to 45
99 = 5

11
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10 Practical Guidance for Teachers

This section provides explicit guidance to help teachers implement this approach in their own
classrooms, including suggested questions, common misconceptions, and adaptations for different
contexts.

10.1 Key Questions to Pose During the Activity

Throughout the lesson sequence, strategic questioning helps scaffold student thinking:

During initial problem solving:

• “What information do we know? What are we trying to find?”
• “Can you draw a diagram to represent the ball’s path?”
• “How many times does the ball go up? How many times does it come down?”

During systematic variation:

• “What stays the same in these problems? What changes?”
• “Do you notice any patterns in the answers?”
• “Can you predict the answer for the next example before we calculate it?”

During the infinite case:

• “What would happen if the ball could bounce forever? Would the distance be infinite?”
• “How can we add infinitely many numbers and get a finite answer?”
• “Does the bread metaphor help you visualize what’s happening?”

10.2 Common Student Misconceptions

Based on classroom implementation, teachers should anticipate and address these common difficulties:

1. Counting bounces vs. impacts: Students may confuse the number of bounces with the
number of ground impacts, leading to off-by-one errors. Emphasize that after three impacts,
the ball has completed two full bounce cycles.

2. Forgetting to double the middle distances: Students often forget that after the initial drop,
each subsequent motion includes both upward and downward travel. Asking “How many times
does the ball pass through this height?” can help.

3. Infinite = infinitely large: Many students initially believe that adding infinitelymany numbers
must produce an infinite sum. The bread metaphor is specifically designed to address this
misconception by making the finite limit tangible.

4. 0.999… ≠ 1 resistance: This is a well-documented point of cognitive dissonance. Rather than
insisting on acceptance, validate students’ surprise and use the bread and series representations
to build conviction gradually.

10.3 Adaptations for Different Grade Levels and Contexts

For younger students (Grades 5–6):

• Focus on the concrete problem with small numbers of bounces (2–3 impacts)
• Emphasize visualization and physical modeling (drawing diagrams, using manipulatives)
• Postpone formal infinite series; instead explore “What if it bounced many, many times?”
• Use simpler rebound ratios like 1

2 which may be more intuitive
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For advanced students (Grades 8–9 or honors classes):

• Introduce sigma notation for the distance formula: 𝐷 = ℎ0 + 2ℎ0𝑟 ∑
𝑛−1
𝑖=1 𝑟 𝑖−1

• Explore the derivation of the geometric series formula algebraically
• Extend to other infinite processes (Zeno’s paradoxes, fractal perimeters)
• Challenge students to create their own problem variations and metaphors

For different curricula and resource contexts:

• Without technology: The bread metaphor and paper-folding activities can convey the same
concepts without GeoGebra. Students can draw the bounce diagrams by hand.

• Integrated curricula: Connect to physics (energy loss, coefficient of restitution) or to literature
(metaphors for persistence, resilience).

• Different textbook problems: The systematic variation approach applies to any problem with
adjustable parameters—falling objects, population growth, compound interest, etc.

• Limited class time: The sequence can be compressed to focus on Examples Set 1 and the bread
metaphor in a single lesson, with extensions as enrichment.

10.4 Classroom Management Suggestions

• Pacing: Allow time for students to struggle productivelywith patterns before revealing answers.
Silence after a question is valuable thinking time.

• Grouping: Pair work is effective for the calculation-heavy sections; whole-class discussion
works well for pattern discovery and the infinite case.

• Recording student thinking: Keep a visible record of student conjectures on the board. Return
to these as evidence mounts.

• Differentiation: Provide calculators for students who struggle with arithmetic, allowing them
to focus on conceptual patterns rather than computational accuracy.

11 Conclusion: The Power of Multiple Examples and Pattern
Discovery

This educational journey demonstrates several key principles:

1. Systematic variation of problem parameters transforms a single exercise into a rich field for
investigation.

2. Multiple examples are not repetitive drill; they are the rawmaterial for pattern recognition. By
providing carefully sequenced examples, the teacher enables students to become pattern-seekers
and rule-discoverers.

3. Concrete metaphors (the bread-sharing story) make abstract infinite processes tangible and
believable for middle school students (Lakoff & Núñez, 2000).

4. Student discovery of patterns (such as ∑∞
𝑛=1(1/𝑚)𝑛 = 1/(𝑚 − 1)) creates ownership and deep

understanding that memorized formulas cannot provide (Bruner, 1961).

5. Conceptual connections between seemingly different topics—bouncing balls, infinite series,
repeating decimals—reveal the unity of mathematics. This kind of profound understanding of
fundamental mathematics is what Ma (1999) describes as essential for effective teaching.
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Table 1. Summary of the Conceptual Journey

Step Conceptual Leap
Ball problem Finite sum calculation using arithmetic
Infinite bounces Recognition of need for infinite processes
Bread metaphor (13 ) Intuitive grasp of ∑∞

𝑛=1(1/3)𝑛 = 1/2
Generalization Discovery of ∑∞

𝑛=1(1/𝑚)𝑛 = 1/(𝑚 − 1)
Base 10 connection Repeating decimals as geometric series
0.999... = 1 Resolution of a classic mathematical paradox
Student generation Transfer and extension to new cases

11.1 Transferability and Cultural Context

While this lesson was implemented in an Iranian seventh-grade classroom using the official textbook,
the underlying pedagogical principles are broadly applicable. The power of systematic variation,
concrete metaphors, and guided discovery transcends specific curricula and cultural contexts.

Teachers working in different educational systems can adapt this approach by:

• Identifying a routine textbook problem suitable for parametric variation
• Designing a sequence of related problems that progressively reveal patterns
• Finding culturally relevant metaphors to bridge from concrete experience to abstract concepts
(e.g., the bread-sharing metaphor might be replaced with examples from students’ own
contexts—sharing pizza, dividing a garden plot, etc.)

• Structuring classroom time for both individual exploration and collective sense-making

The essence of this teaching approach is not the specific problem ormetaphor, but the deliberate design
of a learning journey that positions students as active discoverers of mathematical structure. This is
achievable in diverse contexts with varied resources, as long as the teacher acts as a thoughtful architect
of inquiry.

The teacher who began with a single textbook problem has, through the art of question design, created
dozens of learning opportunities. Each variation was a new question, each example a new discovery.
The students did not merely learn formulas; they experienced the process of mathematical inquiry
itself (Mason & Johnston-Wilder, 2006).

This is the true art of teaching mathematics: not the transmission of answers, but the cultivation of
question-askers and pattern-finders. From one small seed, a garden grows.
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